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THE THEORY OF REVERSIONS.* 



SQUARES like those shown in Figs. I and 2, in which 
the numbers occur in their natural order, are known 
as natural squares. In such squares, it will be noticed that 
the numbers in associated 1 cells are complementary, i. e., 
their sum is twice the mean number. It follows that any 
two columns equally distant from the central bar of the 
lattice are complementary columns, that is, the magic sum 
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Fig. 1. 



Fig. 2. 



will be the mean of their sums. Further any two numbers 
in these complementary columns which lie in the same 
row have a constant difference, and therefore the sums of 
the two columns differ by n times this difference. If then 
we raise the lighter column and depress the heavier col- 
umn by n/2 times this difference we shall bring both to the 

*This paper was extracted about 18 months ago from three different 
parts of an unpublished treatise written in 1894. With regard to footnote 
6, p. 63, since this was written Sayles and Worthington have independently 
solved the problem of construction for 6*. 

1 Two cells are said to be associated when the straight line joining their 
centers intersects the center of the lattice, and they are equally distant from 
that center. 
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mean value. Now we can effect this change by interchang- 
ing half the numbers in the one column with the numbers 
in the other column lying in their respective rows. The 
same is true with regard to rows, so that if we can make 
n/2 horizontal interchanges between every pair of comple- 
mentary columns and the same number of vertical inter- 
changes between every pair of complementary rows, we 
shall have the magic sum in all rows and columns. It is 
easy to see that we can do this by reversing half the rows 
and half the columns, provided the two operations are so 
arranged as not to interfere with one another. This last 
condition can be assured by always turning over columns 
and rows in associated pairs, for then we shall have made 
horizontal interchanges only between pairs of numbers 
previously untouched or between pairs, each of whose con- 
stituents has already received an equal vertical displace- 
ment; and similarly with the vertical interchanges. By 
this method, it will be noticed, we always secure magic 
central diagonals, for however we choose our rows and 
columns we only alter the central diagonals of the natural 
square (which are already magic) by interchanging pairs 
of complementaries with other pairs of complementaries. 

Since the n/2 columns have to be arranged in pairs on 
either side of the central vertical bar of the lattice, «/2nnust 
be even, and so the method, in its simplest form, applies only 
to orders =0 (mod 4) . We may formulate the rule thus : 
For orders of form pn, reverse m pairs of complementary 
columns and m pairs of complementary rows, and the crude 
magic is completed. 

In the following example the curved lines indicate the 
rows and columns which have been reversed (Fig. 3). 

We have said that this method applies only when n/2 
is even, but we shall now show that by a slight modification 
it can be applied to all even orders. For suppose n is 
double-of-odd; we cannot then arrange half the columns 
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in pairs about the center since their number is odd, but 
we can so arrange n/2 — I rows and n/2 — i columns, and 
if we reverse all these rows and columns we shall have 
made n/2 — I interchanges between every pair of comple- 
mentary rows and columns. We now require only to make 
the one further interchange between every pair of rows 
and columns, without interfering with the previous changes 
or with the central diagonals. To effect this is always 
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Fig. 3- 

easy with any orders =2 (mod 4), (6, 10, 14 etc.), ex- 
cepting the first. In the case of 6 2 an artifice is necessary. 
If we reverse the two central diagonals of a square it will 
be found, on examination, that this is equivalent to re- 
versing two rows and two columns ; in fact, this gives us 
a method of forming the magic 4* from the natural square 
with the least number of displacements, thus : 
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Applying this idea, we can complete the crude magic 
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6* from the scheme shown in Fig. 5, where horizontal lines 
indicate horizontal interchanges, and vertical lines vertical 
interchanges; the lines through the diagonals implying 
that the diagonals are to be reversed. The resulting magic 
is shown in Fig. 6. 

The general method here described is known as the 
method of reversions, and the artifice used in the double- 
of-odd orders is called the broken reversion. The method 
of reversions, as applied to all even orders, both in squares 
and cubes, was first( ?) investigated by the late W. Firth, 
Scholar of Emmanuel, Cambridge. 8 

The broken reversion for 6 s may, of course, be made in 
various ways, but the above scheme is one of the most sym- 
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Fig. 5. 



Fig. 6. 



metrical, and may be memorialized thus: For horizontal 
changes commence at the two middle cells of the bottom 
row, and progress upwards and divergently along two 
knight's paths. For vertical changes turn the square on 
one of its sides and proceed as before. 

In dealing with larger double-of-odd orders we may 
leave the central diagonals "intact" and invert n/2 — 1 rows 
and n/2 — 1 columns. The broken reversion can then al- 
ways be effected in a multitude of ways. It must be kept 
in mind, however, that in making horizontal changes we 
must not touch numbers which have been already moved 
horizontally, and if we use a number which has received 

1 Died 1889. For historical notice vide section on cubes. 
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a vertical displacement we can only change* it with a num- 
ber which has received an equal vertical displacement, and 
similarly with vertical interchanges. Lastly we must not 
touch the central diagonals. 

Fig. 7 is such a scheme for io 2 , with the four central 
rows and columns reversed, and Fig. 8 shows the com- 
pleted magic. 

It is unnecessary to formulate a rule for making the 
reversions in these cases, because we are about to consider 
the method from a broader standpoint which will lead up 
to a general rule. 
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Fig. 7. 



Fig. 8. 



If the reader will consider the method used in forming 
the magic 6 s by reversing the central diagonals, he will 
find that this artifice amounts to taking in every column 
two numbers equally distant from the central horizontal 
bar and interchanging each of them with its complemen- 
tary in the associated cell, the operation being so arranged 
that two and only two numbers are moved in each row. 
This, as we have already pointed out, is equivalent to re- 
versing two rows and two columns. Now these skew inter- 
changes need not be made on the central diagonals — they 
can be made in any part of the lattice, provided the con- 
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ditions just laid down are attended to. If then we make a 
second series of skew changes of like kind, we shall have, 
in effect, reversed 4 rows and 4 columns, and so on, each 
complete skew reversion representing two rows and col- 
umns. Now if n =2 (mod 4) we have to reverse »/2 — 1 
rows and colunms before making the broken reversion, 
therefore the same result is attained by making (n — 2)/4 
complete sets of skew reversions and one broken reversion. 

abed 
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Fig. 9. 

In like manner, if n = (mod 4), instead of reversing n/2 
rows and columns we need only to make n/4 sets of skew 
reversions. 

We shall define the symbol ixl as implying that skew 
interchanges are to be made between opposed pairs of the 
four numbers symmetrically situated with regard to the 
central horizontal and vertical bars, one of which numbers 
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Fig. 10. 



Fig. 11. 



Fig. 12. 



occupies the cell in which the symbol is placed. In other 
words we shall assume that Fig. ga indicates what we have 
hitherto represented as in Fig. gb. Further, it is quite 
unnecessary to use two symbols for a vertical or horizontal 
change, for Fig. gc sufficiently indicates the same as Fig. 
gd. If these abbreviations are granted, a scheme like Fig. 
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5 may be replaced by a small square like Fig. 10, which is 
to be applied to the top left-hand corner of the natural &. 

Fig. 1 1 is the extended scheme from Fig. 10, and Fig. 
12 is the resulting magic. The small squares of symbols 
like Fig. io may be called "index squares." 

The law of formation for index* squares is sufficiently 
obvious. To secure magic rows and columns in the re- 
sulting square, the symbols — and | must occur once on 
each row and column of the index, and the symbol X an 
equal number of times on each row and column; that is, 
if there are two series XX X the symbol X must ap- 
pear twice in every row and twice in every column, and 
so on. But we already know by the theory of paths that 
these conditions can be assured by laying the successive 
symbolic periods along parallel paths of the index, whose 
coordinates are prime to the order of the index. If we 
decide always to use parallel diagonal paths and always 
to apply the index to the top left-hand corner of the nat- 
ural square, the index square wi ll be com pletely represented 
by its top row. In Fig. io this is l x l~l 1 1 , which we may call 
the index-rod of the square, or we may simply call Fig. 12 
the magic 1*1-1 H . Remembering that we require (n — 2)/4 
sets of skew reversions when n = 2 (mod 4) and n/4 when 
n = o, it is obvious that the following rule will give crude 
magic squares of any even order n: 

Take a rod of 11/2 cells, n/4 symbols of the form X, 
(using the integral part of n/4 only), and if there is a re- 
mainder when n is divided by 4, add the symbols | and — . 
Place one of the symbols X in the left-hand cell of the rod, 
and the other symbols in any cell, but not more than one 
in each cell. The result is an index-rod for the magic n 2 . 

Take a square lattice of order n/2, and lay the rod along 
the top row of the lattice. Fill up every diagonal slant- 
ing downward and to the right which has a symbol in 
its highest cell with repetitions of that symbol. The re- 
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suiting index-square if applied to the lop left-hand corner 
of the natural n 2 , with the symbols allowed the operative 
powers already defined, will produce the magic w 2 . 

The following are index-rods for squares of even or- 
ders: 

4* BD 

6* fxFTTl 
8 2 lx| |xi | 



io 2 

I2 2 



I xH 



hem 



I4 2 ixl-lxl I [X| I j 



When the number of cells in the rod exceeds the num- 
ber of symbols, as it always does excepting with 6*, the first 
cell may be left blank. Also, if there are sufficient blank 
cells, a X may be replaced by two vertical and two hori- 
zontal symbols. Thus 12 2 might be given so |xi 1 ll I — 1 x I — I 
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Fig. 13. 



Kg. 14. 



This presentation of 12 2 is shown in Figs. 13, 14, and 14 2 
from the index-rod given above, in Figs. 15, 16. 

Of course the employment of diagonal paths in the con- 
struction of the index is purely a matter of convenience. 
In the following index for io 2 , (Fig. 17) the skew-symbols 
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are placed along two parallel paths (2, 1) and the symbols 
— and I are then added so that each shall appear once in 
each row and once in each column, but neither of them on 
the diagonal of the index slanting upward and to the left. 
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Fig. 15. 



Fig. 16. 



Crude cubes of even orders we shall treat by the index- 
rod as in the section on squares. The reader will remember 
that we constructed squares of orders =0 (mod 4) by re- 
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Fig. 17. 

versing half the rows and half the columns, and it is easy 
to obtain an analogous method for the cubes of the same 
family. Suppose we reverse half the V-planes 8 in asso- 

•P-plane = Presentation-, or Paper-plane; H-plane = Horizontal plane; 
V-plane = Vertical plane. 
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dated pairs; that is, turn each through an angle of 180 
round a horizontal axis parallel to the paper-plane so that 
the associated columns in each plane are interchanged and 
reversed. We evidently give to every row of the cube the 
magic sum, for half the numbers in each row will be ex- 
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Magic in rows only. 
Fig. 18. The natural 4* with V-planes reversed. 
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Magic in rows and columns. 
Fig. 19. Being Fig. 18 with H-planes reversed. 
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Magic in rows, columns and lines. 
Fig. 20. Being Fig. 19, with P-planes reversed. 

CRUDE MAGIC 43. 

changed for their complementaries. If we do likewise 
with H-planes and P-planes the rows and lines* will become 
magic. But as with the square, and for like reasons, these 
three operations can be performed without mutual inter- 
ference. Hence the simple general rule for all cubes of the 
double-of-even orders: 

' "Line" = a contiguous series of cells measured at right angles to the 
paper-plane. 
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Reverse, in associated pairs, half the V-planes, half the 
H-planes, and half the P-planes. 

With this method the central great diagonals, of course, 
maintain their magic properties, as they must do for the 
cube to be considered even a crude magic. 5 To make the 
operation clear to the reader we append views of 43 at each 
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Fig. 21. 

separate stage, the central pair of "planes being used at 
each reversion. 

By this method the reader can make any crude magic 
cube of order 4m. With orders of form 4W+2 we find 
the same difficulties as with squares of like orders. So 
far as we are aware no magic cube of this family had been 
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constructed until Firth succeeded with 63 in 1889, and we 
believe those we shall presently construct are the first 
which have been published. 6 Firth's original cube was 
built up by the method of "pseudo-cubes," being an exten- 
sion to solid magics of Thompson's method. The cube of 
216 cells was divided into 27 subsidiary cubes each con- 

* A cube which is faulty on one of its central great diagonals is no more a 
magic than is a square which is faulty on one of its central diagonals. 

•The recent examples published by Willis and Kingery fail in their central 
great diagonals, a fatal defect. 
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taining 2 cells in an edge. The 8 cells of each subsidiary 
were filled with the numbers 1 to 8 in such a way that each 
row, column, line, and central great diagonal of the large 
cube summed 27. The cube was then completed by using 
the magic 33 in the same way that 6 s is constructed from 
3 2 . Firth formulated no rule for arrangement of the num- 
bers in the pseudo-cubes, and great difficulty was encoun- 
tered in balancing the central great diagonals. His pseudo- 
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skeleton is shown in Fig. 21, where each plate represents 
two P-planes of 63, each plate containing 9 pseudo-cubes. 
The numbers in the subsidiaries are shown in diagram- 
matic perspective, the four "larger" numbers lying in the 
anterior layer, and the four "smaller" numbers, grouped 
in the center, in the posterior layer. 

If we use this with the magic of Fig. 22 we obtain the 
magic 63 shown in Fig. 23. 



THE THEORY OF REVERSIONS. 65 

This cube is non-La Hireian, as is frequently the case 
with magics constructed by this method. 

The scheme of pseudo-cubes for 63 once found, we can 
easily extend the method to any double-of-odd order in the 
following manner. Take the pseudo-scheme of next lower 
order [e. g., 63 to make io3, io3 to make 143 etc.] . To each 
of three outside plates of cubes, which meet at any corner 
of the skeleton, apply a replica-plate, and to each of the 
other three faces a complementary to the plate opposed to 
it, that is a plate in which each number replaces its com- 
plementary number (1 for 8, 2 for 7, etc.). We now have 
a properly balanced skeleton for the next double-of-odd 
order, wanting only its 12 edges. Consider any three 
edges that meet at a corner of the cube ; they can be com- 
pleted (wanting their corner-cubes) by placing in each 
of them any row of cubes from the original skeleton. Each 
of these three edges has three other edges parallel to it, 
two lying in the same square planes with it and the third 
diagonally opposed to it. In the former we may place 
edges complementary to the edge to which they are par- 
allel, and in the latter a replica of the same. The skeleton 
wants now only its 8 corner pseudo-cubes. Take any cube 
and place it in four corners, no two of which are in the 
same row, line, column, or great diagonal (e. g. B, C. E, H 
in Fig. 38), and in the four remaining corners place its 
complementary cube. The skeleton is now complete, and 
the cube may be formed from the odd magic of half its 
order. 

This method we shall not follow further, but shall now 
turn to the consideration of index-cubes, an artifice far 
preferable. 

Before proceeding the reader should carefully study 
the method of the index-rod as used for magic squares 
(pp. 57-61). 

The reversion of a pair of planes- in each of the three 
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aspects, as previously employed for 43, is evidently equiva- 
lent to interchanging two numbers with their complemen- 
taries in every row, line, and column of the natural cube. 
If therefore we define the symbol X as implying that such 
an interchange is to be made not only from the cell in 
which it is placed, but also from the three other cells with 
which it is symmetrically situated in regard to the central 
horizontal and vertical bars of its P-plane, and can make 



B8 
a"a 



Fig. 24. 

one such symbol operate in every row, line and column of 
an index-cube whose edge is half that of the great cube, 
we shall have secured the equivalent of the above-men- 
tioned reversion. For example, a X placed in the second 
cell of the top row of any P-plane of 43, will denote that the 
four numbers marked a in Fig. 24 are each to be inter- 
changed with its complement, which lies in the associated 
cell in the associated P-plane. 
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FIG. 25. 

From this it follows that we shall have a complete 
reversion scheme for any order 4m, by placing in every 
row, line and column of the index (2m) 3, m of the symbols 
X. In the case of orders 4771+2, after placing m such sym- 
bols in the cube (2771+ 1 )3, we have still to make the equiva- 
lent of one reversed plane in each of the three aspects. 
This amounts to making one symmetrical vertical inter- 
change, one symmetrical horizontal interchange, and one 
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symmetrical interchange at right angles to the paper-plane 
in every row, line and column. If we use the symbol | to 
denote such a vertical interchange, not only for the cell 
in which it stands, but also for the associated cell, and give 
like meanings to — and ', for horizontal changes and 
changes along lines, we shall have made the broken re- 
version when we allow each of these symbols to operate 
once in every row, column and line of the index. For 
example, a in Fig. 25 means b in its own P-plane, and c in 
the associated P-plane ; while d indicates that the numbers 
lying in its own P-plane as in e are to be interchanged, A 
with A and B with B, with the numbers lying in the asso- 
ciated plane f. We can always prepare the index, provided 
the rod does not contain a less number of cells than the 
number of symbols, by the following rule, n being the 
order. 

Take an index-rod of w/2 cells, n/4 symbols of the form 
X, (using the integral part of n/4 only), and if there is 
any remainder when n is divided by 4 add the three sym- 
bols |, — , \ Now prepare an index square in the way 
described on p. 59, but using the diagonals upward and 
to the right instead of upward to the left, 7 and take this 
square as the first P-plane of an index-cube. Fill every 
great diagonal of the cube, running to the right, down and 
away, which has a symbol in this P-plane cell, with repeti- 
tions of that symbol. 8 This index-cube applied to the near, 
left-hand, top corner of the natural n*, with the symbols 
allowed the operative powers already defined, will make 
the magic «3. 

This method for even orders applies universally with 
the single exception of 63, and in the case of 63 we shall 
presently show that the broken reversion can still be made 

' Either way will do, but it happens that the former has been used in the 
examples which follow. 

* More briefly, in the language of Paths, the symbols are laid, in the square, 
on (1,1) ; their repetitions in the cube, on (1, — 1, 1). 



68 



THE MONIST. 



by scattering the symbols over the whole cube. The fol- 
lowing are index-rods for various cubes. 



43 |xu 


123 I I Ixlxl |X| 


X3 |x| | |x| 


143 1 |x|-|x|.|x|i| 


I03 |X|||-|X|.| 





As in the case of index-rods for squares, the first cell 
may be left blank, otherwise it must contain a X. 
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Fig. 26. 

Fig. 26 is a 43, made with the index-rod given above. 
It has only half the numbers removed from their natural 
places. Figs. 27 and 28 are the index-rod, index-square 
and index-cube for io3, and Fig. 29 is the extended rever- 
sion scheme obtained from these, in which \ and / denote 
single changes between associated cells, and the symbols 
I, — , and ', single changes parallel to columns, rows, and 
lines. Figs. 30 and 31 show the resulting cube. 
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Fig. 29. Extended Reversion Scheme for 10*. 
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Fig. 30. First 6 plates of i<f, made from Fig. 20. (Stun = 5005.) 
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Fig. 31. Last 4 plates of io', made from Fig. 29. (Sum = 5005.) 

If we attack 63 by the general rule, we find 4 symbols, 
X, — , I, *, and only 3 cells in the rod; the construction is 
therefore impossible. Suppose we construct an index-cube 
from the rod |x|i|-| , we shall find it impossible to distribute 
the remaining symbol H in the extended reversion-scheme 
obtained from this index. The feat, however, is possible 
if we make (for this case only) a slight change in the 
meanings of | and — . By the general rule X operates on 
4 cells in its own P-plane, where, by the rule of association, 

1 with 6 



the planes are paired thus: 



5 
4 



In interpreting 
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the meanings of [ and — , in this special case, we must make 
a cyclic change in the right-hand column of this little table. 



Thus for 
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with 
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tt 
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and for 
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with 
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. This 



means that a HI, for example, in the second P-plane has its 
usual meaning in that plane, and also acts on the two cells 
which would be the associated cells if the 4th plane were 
to become the 5th, etc. If we extend this scheme, there 
will be just room to properly distribute the M's in the two 
parallelopipeds which form the right-hand upper and left- 
hand lower quarters of the cube, as shown in Fig. 32. 
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IV V VI 

Fig. 32. Extended Reversion-Scheme for ff. 

This scheme produces the cube shown below, which is 
magic on its 36 rows, 36 columns, 36 lines, and on its 4 
central great diagonals. 

Fig. 32 is the identical scheme discovered by Firth in 
1889, and was obtained a few months later than the pseudo- 
skeleton shown in Fig. 21. A year or two earlier he had 
discovered the broken reversion for squares of even order, 
but he never generalized the method, or conceived the idea 
of an index-cube. The development of the method as here 
described was worked out by the present writer in 1894, 
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About the same time Rouse Ball, of Trinity College, Cam- 
bridge, independently arrived at the method of reversions 
for squares (compare the earlier editions of his Mathemat- 
ical Recreations, Macmillan), and in the last edition, 1905, 
he adopts the idea of an index-square; but he makes no ap- 
plication to cubes or higher dimensions. There is reason 
to believe, however, that the idea of reversions by means 
of an index-square was known to Fermat. In his letter to 
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VI 



Fig. 33, made from Fig. 32. Sum = 651. 



Mersenne of April 1, 1640, (CEuvres de Fermat, Vol. II, 
p. 193), he gives the square of order 6 shown in Fig. 34. 
This is obtained by applying the index (Fig. 35) to the 
bottom left-hand corner of the natural square written from 
below upwards, i. e., with the numbers i to 6 in the bottom 
row, 7 to 12 in the row above this, etc. There is nothing 
surprising in this method of writing the natural square, 
in fact it is suggested by the conventions of Cartesian 
geometry, with which Fermat was familiar. There is a 
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much later similar instance: Cayley, in 1890, dealing with 
"Latin squares," writes from below upwards, although 
Euler, in his original Memoire (1782), wrote from above 
downwards. Another square of order 6, given by Fermat, 
in the same place, is made from the same index, but is dis- 
guised because he uses a "deformed" natural square. 
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Fig. 34- 



Fig. 35- 



It is interesting to note that all these reversion magics 
(unlike those made by Thompson's method), are La Hire- 
ian, and also that the La Hireian scheme can be obtained 
by turning a single outline on itself. To explain this state- 
ment we will translate the square in Fig. 12 into the scale 
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Fig. 36. 

whose radix is 6, first decreasing every number by unity. 
This last artifice is merely equivalent to using the n 2 con- 
secutive numbers from o to n 2 — 1, instead of from 1 to n 2 , 
and is convenient because it brings the scheme of units 
and the scheme of 6's digits into uniformity. 

If we examine this result as shown in Fig. 36 we 
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find that the scheme for units can be converted into that 
for the 6's, by turning the skeleton through 180 about 
the axis AB; that is to say, a single outline turned upon 
itself will produce the magic. 
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Fig. 37- 

The same is true of the cube; that is, just as we can 
obtain a La Hireian scheme for a square by turning a 
single square outline once upon itself, so a similar scheme 
for a cube can be obtained by turning a cubic outline 

e «. o c o 
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Fig. 38. Fig. 39. Fig. 40. 

twice upon itself. If we reduce all the numbers in Fig. 
33 by unity and then "unroll" the cube, we get the La Hire- 
ian scheme of Fig. 37 in the scale radix 6. 

If now we represent the skeleton of them's : (left-hand) 
digits by Fig. 38, and give this cube the "twist" indicated 
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by Fig. 39, we shall get the skeleton of the 6's (middle) 
digits, and the turn suggested by Fig. 40 gives that of the 
units (right-hand) digits. Thus a single outline turned 
twice upon itself gives the scheme. 

We can construct any crude magic octahedroid 9 of 









-e 



w 



Fig. 41, 1st reversion. Fig. 42, 2d reversion. Fig. 43, 3d reversion. 

double-of-even order, by the method of reversions, as 
shown with 44 in Figs. 41 to 44. 

The first three reversions will be easily understood 
from the figures, but the fourth requires some explanation. 
It actually amounts to an interchange between every pair 

a b c D 









Fig. 44, 4th reversion. 



of numbers in associated cells of the parallelopiped formed 
by the two central cubical sections. If the reader will use 
a box or some other "rectangular" solid as a model, and 
number the 8 corners, he will find that such a change can- 
not be effected in three-dimensional space by turning the 



* Dimensions 


Regular Figure 


Boundaries 


2 
3 
4 
etc 


Tetragon (or square) 
Hexahedron (cube) 
Octahedroid 
etc 


4 one-dimensional straight lines 
6 two-dimensional squares 
8 three-dimensional cubes 
etc 
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parallelopiped as a whole, on the same principle that a right 
hand cannot, by any turn, be converted into a left hand. 
But such a change can be produced by a single turn in 
4-dimensional space; in fact this last reversion is made 
with regard to an axis in the 4th, or imaginary direction. 
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Fig. 45. 



The following four figures (45-48) show each stage of the 
process, and if the reader will compare them with the re- 
sults of a like series of reversions made from a different 
aspect of the natural octahedroid, he will find that the 
"imaginary" reversion then becomes a real reversion, while 
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one of the reversions which was real becomes imaginary. 
Fig. 45 is the natural 44 after the first reversion, magic in 
columns only; Fig. 46 is Fig. 45 after the second reversion, 
magic in rows and columns; Fig. 47 is Fig. 46 after the 
third reversion, magic in rows, columns and lines; and 
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Fig. 46. 
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Fig. 48 is Fig. 47 after the fourth reversion, magic in rows, 
columns, lines and t's, = crude magic 44. The symbol ♦ 
denotes series of cells parallel to the imaginary edge. 

Fig. 48 is magic on its 64 rows, 64 columns, 64 lines, 
and 64 t's, and on its 8 central hyperdiagonals. Through- 
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out the above operations the columns of squares have been 
taken as forming the four cells of the Pi-aspect; 10 the rows 
of squares taken to form cubes, of course, show the Pa- 
aspect. 
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Fig. 47. 



This construction has been introduced merely to ac- 
centuate the analogy between magics of various dimen- 
sions; we might have obtained the magic 44 much more 

" Since the 4th dimension is the square of the second, two aspects of the 
octahedroid are shown in the presentation plane. The 3d and 4th aspects are 
in H-pIanes and V-planes. Since there are two P-plane aspects it might appear 
that each would produce a different H-plane and V-plane aspect; but this is 
a delusion. 
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rapidly by a method analogous to that used for 43 (Fig. 
26). We have simply to interchange each number in the 
natural octahedroid occupying a cell marked f x l in Fig. 49, 
with its complementary number lying in the associated cell 
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Fig. 48. 



of the associated cube. Fig. 49 is the extended skew- 
reversion scheme from the index-rod I Ixl . 

All magic octahedroids of double-of-odd order >io» 
can be constructed by the index-rod, for just as we con- 
struct an index-square from the rod, and an index-cube 
from the square, so we can construct an index-octrahedroid 



THE THEORY OF REVERSIONS. 



8l 



from the cube. The magics 6* and 10* have not the capac- 
ity for construction by the general rule, but they may be 
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Fig. 49. Skew Reversion for 4*. 

obtained by scattering the symbols over the whole figure 
as we did with 63. 

C. Planck. 
Hayward's Heath, England. 



